Exercise

1. Alinear sequence starts
250 246 242 238
Which term is the first to have a
negative value?

5n+2
2. Asequence has nth term % Show

that the limiting value of the
sequence S,asn — ®is 2.5

(a) The nth term of a sequence is

4n — 10.

(a)(i) Show that the (n + 1)th term
can be written as 4n — 6.

(a)(ii) Prove that the sum of any two
consecutive terms of the sequence is
divisible by 8.

(b) The nth term of a different

sequence is 3n
q n+5

(b)(i) Explain why 1 is not a term in
this sequence.
(b)(ii) Work out the limiting value of
the sequence asn — oo.

4. Here is a linear sequence:

4 11 18 25 ..

(a) Work out an expression for the
nth term.
(b) How many terms are less than
1507

5. The nth term of sequence X is an + b.
The nth term of sequence Y is bn + a.

(a) Show that the sequences have the
same first term.
(b) The 2™ term of sequence X is
equal to the 3" term of sequence Y.
Show that a = 2b.
(c) Prove that:

nthtermof sequence X 2n+1

nth term of sequenceY n+2
6. (a)f(n) =n?+n Show that
fm+1)—f(n) =2n+2
(b) The nth term of a sequence is
n?+n
Two consecutive terms in the
sequence have a difference of 32.
Work out the two terms.

7. The nth term of the linear sequence
2,7,12,17, ...is5n — 3. A new
sequence is formed by squaring each
term of the linear sequence and
adding 1. Prove algebraically that all

10.

11.

the terms in the new sequence are
multiples of 5.
(a) Write down the nth term of the
linear sequence
4 7 10 13 ..

(b) Hence, write down the nth term of
the quadratic sequence.

16 49 100 169 ..
(c) For the sequence in (b), show that
the 30" term is equal to the product
of the 2" and 4™,

3cm 4cm 5cm

This pattern of rectangles continues.
Show that the sequence of numbers
formed by the areas of these
rectangles has nth term.
n>+5n+6

A linear sequence starts

a+b a+3b a+5b a+7b
The 5™ and 8" terms have values 35
and 59.
(a) Work out a and b.
(b) Work out the nth term of the

sequence.

3n+1
A sequence has nth term —

(a) Show that the difference between
the nth and (n + 1)th term is n(n1+1)
(b) Which are the first two
consecutive terms with a difference
less than 0.017?

(c) Write down the limiting value of
the sequence asn — oo.
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A linear sequence starts

250 246 242 238
Which term is the first to have a negative value?
nthtermis 254 —4n <0 - 64th

5n+2
A sequence has nth term % Show that the

limiting value of the sequence S, asn — s 2.5

As n becomes large Sn+2 - on _ 5
8¢ 5. 2n 2

(a) The nth term of a sequence is 4n — 10.

(a)(i) Show that the (n + 1)th term can be

writtenas4n —6. 4(n+1)—-10=4n-=6

(a)(ii) Prove that the sum of any two consecutive

terms of the sequence is divisible by 8.
Nn-10+4n-6=8n-16 =8(n—2)

(b) The nth term of a different sequence is %

(b)(i) Explain why 1 is not a term in this

sequence. 31 > n = 2.5 which is
n+5

not a whole number.
(b)(ii) Work out the limiting value of the
sequenceasn — o, 3

Here is a linear sequence:
4 11 18 25 ..
(a) Work out an expression for the nth
term. 7n-—3
(b) How many terms are less than 1507

n — 3 < 150
n=21

The nth term of sequence X is an + b.
The nth term of sequence Y is bn + a.
(a) Show that the sequences have the
same firstterm. la+ b =1b + a
(b) The 2" term of sequence X is equal
to the 3" term of sequence Y. Show that
a=2b.2a+b=3b+a - a=2b
(c) Prove that:

nth term of sequence X 2n+1

nth term of sequence Y  n+2

an+b_2bn+b_2n+1
bn+a bn+2b n+2




(a) f(n) =n?+n Show that
fm+1)—f(n) =2n+2
m+1D*+n+1)—-n*-n
=2n+ 2

(b) The nth term of a sequence is n? +

n

Two consecutive terms in the
sequence have a difference of 32. Work
out the two terms.

2n+2 =32 - n=15
152 + 15 = 240
162 + 16 = 272

The nth term of the linear sequence 2, 7, 12, 17, ...
is 5n — 3. A new sequence is formed by squaring
each term of the linear sequence and adding 1.
Prove algebraically that all the terms in the new
sequence are multiples of 5.
5n—3)2+1=25n2-30n+9+1
=25n% —30n + 10
=5(5n%* —6n+2)

(a) Write down the nth term of the linear sequence
4 7 10 13 ..
3n+1

(b) Hence, write down the nth term of the quadratic

sequence.
16 49 100 169 ..
Bn+1D2=9n%2+6n+1

(c) For the sequence in (b), show that the 30t term
is equal to the product of the 2" and 4.

2"d term: 49, 4 term: 169
30t term: 912 = 8281
49 X 169 = 8281



This pattern of rectangles continues.
Show that the sequence of numbers
formed by the areas of these
rectangles has nth term.
n>+5n+6

A linear sequence starts

a+b a+3b a+5b a+7b
The 5t and 8t terms have values 35
and 59.
(a) Workoutaand b. a=—-1,b =4
(b) Work out the nth term of the
sequence. 8n—5

3n+1

A sequence has nth term —.

(a) Show that the difference between the

nth and (n + 1)th termis

n(n+1)
3n+1)+1 3n+1 1
n+1 n = nn+1

(b) Which are the first two consecutive
terms with a difference less than 0.017?
1 1
<
nn+1) 100

nn+1)>100
n=10and 11
(c) Write down the limiting value of the
sequence asn — oo,



AQA Level 2 Further Mathematics Algebra IV 0 INte

Section 6: Sequences and proof

Exercise
1. nis a positive integer. Prove that n® — n2 is always even.
2. Prove that the product of three consecutive integers is always be a multiple of 6.
3. Prove that the square of any odd number is always 1 more than a multiple of 8.
4. Write down the first four terms of each sequence defined below, starting with
n =1 in each case.
(i) 3n-1
iy n*-1
(iii) 3n°-2n+1
5. Find a formula for the nth term of each the linear sequences below.
(i) 2,58, 11, ..
(i) 10,8,6,4, ...
6. Find a formula for the nth term of each the quadratic sequences below.
(i 3,9,17,27,39,...
(i) -2,4, 14,28, 46, ...
(ii) 7,12,15, 16, 15, ...
7. For each of the following sequences, find the 1%t term, the 5" term, the 100" term,
and the limit of the sequence as n — oo.
(i) nthterm = 2n+5
4n-1
(i) nth term = 2=°"
2n+3
8. The nth term of a sequence is given by the formula n* +2n-5.
Prove that 1000 cannot be a term of the sequence.
9. A sequence has all its terms positive.

As n — oo, the nth term of the sequence approaches 3.

(@) Give a possible formula for the nth term of an increasing sequence with the
properties above.

(b) Give a possible formula for the nth term of a decreasing sequence with the
properties above.
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AQA Level 2 Further mathematics Algebra IV 0 |

Section 6: Sequences and proof

Solutions to Exercise

1. Hfwnis odol, w2 and n= are both odd, so n= - n= is even.
I nis even, n= and n= are both even, so n= - n2 (s even,
Therefore for all positive integers n, ns - uz is always even.

2. For three consecutive tntegers, at least one will be even, and one will be a multiple of =,
Therefore the product of the three integers (s both a multiple of 2 and a multiple of 3,
and so is a wmultiple of &,

3. Any odol number can be written as 21 + 1, where n (s an integer,
So the square of an odol number can be written as (2n +1)* =41 +4n +1
=4n(n+1)+1
one of nwand n + 1 is even, so n(n +1) s a multiple of 2 and therefore 4mn(n +1) is
a multiple of €.
So 4n(n +1)+1 (s one more than a wmultiple of €, So the square of any odd nunber
is always 1 wore than a multiple of &,

4, (1) wthterwa =34 —1
1tterme =3X1 -1 =2
2Mdteym =3X2—1 =5
hteym =3Xx3—-1=¢
4thterm =3X4—1 =11
Sequenct is 2, 5, €, 11, ...

(i) wthterm =n®—1
1tteem =1 —1=0
2tgm =2° —1=4-1=3
2ltgm =3 —1= 9-1=¢
4%tem =4% —1=16—-1=15
Sequence s 0, 3, &, 18, ...

(L) wthterme =31* —2n+1
1stterm =3x1% —2X1+1=3-2+41=2
Mt =3Xx2° —2Xx2+1=12—4+1= 9
Bt =3x3° —2XB+1=2F—6+1=22
4%t =3X 47 —2X4+1=48—-Q+1 =41
Sequence s 2, 9, 22, 41, ..,

Mathematics #
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Bach term Lnereases by 3, so the general term must tnvolve 3n.
wthtermw =3 -1,

Bach term decreases by 2, so the general term must tnvolve 2w,
nthterm =12 -2n

The sequence has wth term anz + bn + ¢,

Terms 3 9 1¥  2F 39
Differences & g 10 12
Second differences 2 2 2
Soa=1

Terms 3 9 1>  2F 39
an? 1 4 9 16 25
bn + ¢ 2 5 g 1L 14

The values of bn + ¢ go up by = each time, sob =3, and ¢ = 1
The nth term of the sequence is n? + 3n - 1,

The sequence has weh term anz + b + ¢,

Terms 2 4 14 22 46
Differences 2 100 14 18
Second differences 4 4 4
Soa=2

Terms 2 4 14 22 46
anz 2 4 12 32 50
bn + ¢ -4 -4 -4 -4 -4

The values of bn + ¢ are all the same, so b =0, and ¢ = -4

The nth terme of the sequence is 2n2 - 4,

(LiL) The sequence has nth term an? + b + ¢,

Terms F 12 15 16 15
Differences 5 3 1 -1
Second differences -2 -2 -2
Soa=-1

Terms F 12 15 16 15
anz -1 -4 -9 16 25
bn + ¢ g 16 24 32 40

The values of bn + ¢ go up by g each time, sob = g, and ¢ = 0

Mathematics #
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AQA L2 FM Algebra IV 6 Exercise solutions o |

The nth term of the sequence is -n? + gn,

, 2un+5
# (1) wnthtermw =—
4n —1
2LX1+5 2+5
1stterm = = -z
4x1—-1 4—-1 2
2X5+5 10+ 5 15
5thterm = = =—
4x5-1 20-1 19
2X100+5 200+5 205
100% term = = =

4X100—-1 400-1 399

AS . —>0, 2u+5 > 21, 4n—-1—>4n
n+5 2n 1
>y =

4mn —1 4n 22

The Limit of the sequence is %,

SO

L, 1—oen
(it) wthterm = ——
2n+32
1-6X1 1-6 5
lst term = = =——=—
2X1+3 2+3 5
1—-6X5 1-30 2
B term = = :—2
2Xx5+3 10+3 1=
1—-6X100 1—600 5
100 teyva = = =— 20

2X100+3 200+3 203

AS m—>©0, 1—6n —>—6n, 2n+3—>2n

1—6n —6on
S0 —> =-3
2n+3=2 2n

2, Method 1
n?*+2un—-5=1000

n? +21 =1005
n*+2n+1=1006

(n+1)? =1006
n+1 s a whole number but 1006 ts not a square number so 1000 cannot be a term tn
the sequence,

Method 2
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AQA L2 FM Algebra IV 6 Exercise solutions o ‘intearal

n*+2n—5 =1000

n® +2n =1005

n(n +2)=1005
n and n+2 are conseoutive even or consecutive odd numbers. To multiply to make
1005, they must both be odd.

1005 = 3X 5 X 6F
There are no consecutive odd numbers that muLtipLg to make 1005 so 1000 cannot be a

terve Ln the sequence,

Method 3

n* +2n -5 =1000
n*+2m—1005 =0
Solve the quadratic equation,

n= 30,32 0r -32,72
nis not an integer so 1000 s not a term in the sequence.

9. (a) onepossible sequence is
n+1

(b) One possible sequence is 4 —
n+1
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Additional Mathematics (OCR): Algebra 0 \“tearal

Section 5: Sequences and recurrence relations

Exercise

1. Write down the first four terms of each sequence defined below, starting with
k=1 in each case.

(i) a, =3k-1 (i) a =2x3"
(iii) a, = k> (iv) a, =(-1*2¥
(v) &, =2a +la =2 vy a,=1-a,8=3

2. Write down the first four terms of each sequence defined below, starting with
n =5 in each case.
(i) u =n-5
.. 1
(“) u,= F
(iii) u, =(-1)" (%)’

(iv) u,=u,,+u,,, U =1 u,=-2

3. The value of a car decreases by 10% every year of its life. If its original value is
ao = 14,000 write down recursive definition for the sequence ax where axis the
value of the car after k years.

4. The value of a rare toy train set increases by 2% each year. If the value of the train
set is £150 now write down a formula in terms of k for ax, the value of the train set
in k years’ time.

Innovators in® lofl 22/02/17 © MEI
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Additional Mathematics (OCR): Algebra 0 tearal

Section 5: Sequences and recurrence relations

Exercise solutions

1. () a4,=3x1-1=2
a,=3x2-1=5
4, =3x3—-1=¢
a4, =3x4-1=11

(i) a,=2x3"=6
a,=2x3* =18
a,=2x3> =54

4, =2x3" =162

2

i) a, =1 =1
a,=2°=4

— >R
a,=3"=9
a,=4"=16

(tv) a, =(-1)'2' =2
a,=(-1y2* =4
a,=(-1)y’2°>=-¢g

a,=(—1)"2*=1¢

M a =2
a,=24, +1=2X2+1=5
a,=2a,+1=2x5+1=11
4,=2a,+1=2x11+1 =23

M) a,=3
a,=1-4a4,=1-3=-2
a,=1-a,=1-(-2)=3
a,=1-4a,=1-3=-2

2. (1) wu,=0,and then nextterms are1, 2, 3

(1) w, =%, and then nextterms are %, %5, &

Innovators in® lof2 22/02/17 © MEI
Mathematics integralmaths.org
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Additional Mathematics (OCR): Algebra

() w, =—2%, and then nextterms are +%, — %, +=

(W) w, =—1,u, =3, and so u, =—4 and then next terms are -#, -11, -18
(this is an example of a Floonaccl sequence)

Sinee the value of the car veduces by 10% each year, The value each year is 0,9
times the value the previous year. Therefore fe+: = 0.90k.

Since the value of the train set tncreases by 2% each year, if the original value
ls £150, the value one Year later, as, is 150 x 1.02.

The value the next year a, s 150 X 1,02 X 1,02 = 150 X (1.02)3,

This pattern contlnues and so the value at the end of the next year as is 150 x
(1.02)=

n general ax = 150 x (1.02)%,

20f2 22/02/17 © MEI
integralmaths.org



Thinking about sequences

P n — * — p— _
a, = 3 bn —2n+3 C, = d” — U, =
z 0
2£13,9,27,81,.. 9,5.1,-3,...
L
°c — 3 — 1 — _
22 Uy =2 XAy, drr—l 2 dn > Upy = 3% Uy,
A d, =4 i, =18
£ e 220 _ . _ _
28| Oy = 3 bioo = Cso — di, iy =
- 2 .
$2| Geometric
25| Diverging
- 5 10 12 8 7 6
1 20, =363 |28= | Xe= | Xd= | 2w -
a8 n n n n n n
n=1 n=l1 n=l1 n=4 n=1 n=1




Introduction to Sequences and Series

The notation u, or x, is used for the general term, or formula, of a
sequence. So u, means the first term, and you work it out by putting r =1
into the formula; u, means the second term, and you work it out by putting
r =2 into the formula etc.

A sequence is described as oscillating if the terms repeat

eg. 1,-1,1,-1,1,-1,... or 7,523,57,97,53,57,9,7,...

A sequence is described as convergent if the terms are getting closer and
closer to a fixed value. The fixed value is called the limit

e.g. 7,5,4,3.5,3.25,3.125, ... is convergent with a limit of 3

A sequence that is neither oscillating nor convergent is divergent. The
terms may be getting further apart, or staying the same distance apart but
not oscillating

eg. 1,2,4,8,16,32,... or -7,-5,-3,-1,1, 3,5, ....

Sometimes the formula for the sequence is given by a recurrence relation,
where you are told the first term and then how to get each of the other terms
using the first term

e.g. u.,, =2u.,u =3 tells you that the first term is 3 and that to get the next

r

term you double the previous term. The sequence is 3, 6, 12, 24, 48

If a sequence is convergent and the formula is given by a recurrence
relation then you can work out the limit by substituting x instead of both u,,,

and u, or x.,,, and X, in the formula and solving the equation but you must
check that the sequence is convergent first



Introduction to Sequences and Series — Examples

Example 1

Write out the first four terms of the sequences below and say whether they
are convergent, divergent or oscillating. If a sequence is convergent state its
limit.

@ u =3+r?

(b) X =2cos(180r")

Example 2

Write out the first four terms of the sequences given by the recurrence
relations below. If the sequence is convergent, use the substitution method
to find its limit.

(a) U, =U — 3 U, =10

b =1 =14
( ) Xn+1 4 Xl



Sort it out @underground

mathematics
Problem

Sort these infinite sequences into groups.

* How will you choose to define the groups?
+ Are there some sequences which belong to more than one group?

Once you have sorted the sequences into groups, write a further sequence for each group.

How else could you have sorted the sequences?

® 1 11 1
e TR TE 31/2,41/2,51/2,61/2, ...
248 16
© 2,0,-2,—4,... © In1,In2,In3,In4, ...
® ®
—1,-v/2,-2,-2+/2, .. L1,L1,..
© 111 G
1, =, =, = — —
530 1,1,-1,1,
®
0.1,0.01,0.001,0.0001, .. D 3,2%, 1%, 1
® 4,8,16,32, ... ®cos (%) ,cos (2£),cos () ,cos (%), ...
), 1,2 .3 Q)
1,15,15,11,... 100,105,110,115, ...
@ 3.75,5.625,8.4375,12.65625, ...
Page 1 of 1 Copyright © University of Cambridge. All rights reserved. Last updated 26-Jul-17
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Sort it out @underground

mathematics
Possible groupings

2]

Sort these infinite sequences into groups.

* How will you choose to define the groups?
* Are there some sequences which belong to more than one group?

Here is one possible grouping. How do you think this grouping was constructed?

2,-2,-2

®O.1,0.01,0.001,0.0001,... ®4, 8,16,32...

@3.75,5.625, 8.4375,12.65625, ...

O, 41,2

3,2-,1=,1, ...
373
@1,1,1,1’. 34/2,44/2,5v/2,64/2, ...
2°'3°4
®
@1 12,3 100,105,110, 115, ...
s Ea §’ Za
@ln 1,In2,1In3,In4, ...
Possible rules
Periodic sequences; arithmetic sequences; geometric sequences
Some didn’t seem to fit in any of these groups.
Page 1 of 3 Copyright © University of Cambridge. All rights reserved. Last updated 26-Jul-17
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Why can we think of the sequence 1,1,1,1,... as both an arithmetic sequence and
a geometric sequence? Are there any other sequences that are both arithmetic and
geometric?

Can we find a sequence that fits in the empty parts of this grouping diagram?

Here is another possible grouping. How do you think this one was constructed?

©)
3,01
3
©2, 0.2, -4, ..

®—1, —V2,-2,-24/2, ..

3.75,5.625,8.4375,12.65625, ...

2,121,

2
3

0.1,0.01,0.001,0.0001, ...
3v/2,44/2,5V/2,6V/2. ... L s
4,8,16,32... L1513, 17,
®—1,1,—1,1,... o
S (5) o () n(f) o\ I

In1,In2,In3,In4, ...

100,105,110, 115, ...

Possible rules

Periodic sequences; divergent sequences; convergent sequences

<>

If we plotted the graphs of the convergent sequences, what would they have in
common?

If we plotted the graphs of the divergent sequences, what would they have in
common?

Page 2 of 3 Copyright © University of Cambridge. All rights reserved. Last updated 26-Jul-17
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Can we find a sequence that fits in the empty parts of this grouping diagram?

And another... how do you think this one was constructed?

©
2,0,-2,—4,...

®—1,—\/§,—2,2—ﬁ,...

®0.1,0.01,0.001,0.0001,

®4,8, 16,32...

3\/5,4\/5,5\6,6\5,

@3.75, 5.625,8.4375,12.65625, ...

1
4’ ®ln1,ln2,ln3,ln4,...

100,105,110, 115, ...

O]
RES
2

2 .3

1=, 1=, ..
3’ 4’

®—1,1,—1,1,
®
B
I,1,1,1,..

Possible rules
Strictly increasing sequences; strictly decreasing sequences; periodic sequences

One didn't seem to fit in any of these groups.

<>

Why do you think our groupings are labelled strictly increasing and strictly decreasing
sequences? (It might help to think about increasing and decreasing functions.)

How would the grouping diagram have changed if we had not used the word strictly
in our labelling of our groupings?
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